Published by Institute of Physics Publishing for SISSA/ISAS Received: April 14, 2004 Revised: April 21, 2004 Accepted: April 26, 2004

New reducible membrane solutions in D = 11 supergravity

Richard Clarkson, Amir Masoud Ghezelbash and Robert B. Mann

Department of Physics, University of Waterloo Waterloo, Ontario N2L 3G1, Canada E-mail: r2clarks@sciborg.uwaterloo.ca, amasoud@avatar.uwaterloo.ca,

mann@avatar.uwaterloo.ca

Abstract: We construct generalized 11D supergravity solutions of fully localized D2/D6 brane intersections. These solutions are obtained by embedding Taub-NUT and/or selfdual geometries lifted to M-theory. We reduce these solutions to ten dimensions, obtaining new D-brane systems in type-IIA supergravity. We discuss the limits in which the dynamics of the D2 brane decouples from the bulk for these solutions.

Keywords: M-Theory, D-branes, Supergravity Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep042004063 /jhep042004063 .pdf

Contents

1. Introduction 1

2. General method 3

3. Supersymmetric solutions 5 3.1 Four dimensional Taub-NUT solution revisited 5 3.2 4D Eguchi-Hanson 8 3.3 Taub-NUT_4 ⊗ Taub-NUT_4 12 3.4 Eguchi-Hanson ⊗ Eguchi-Hanson 14 3.5 Taub-NUT_4 ⊗ Eguchi-Hanson 17 3.5.1 Case 1: reduction along ψ_1 18 3.5.2 Case 2: reduction along ψ_2 18

4. Taub-NUT/bolt extended solutions 19 4.1 Embedding of four dimensional Taub-bolt space 19 4.2 Six dimensional Taub-NUT and Taub-bolt based M-theory 22 4.3 Eight dimensional Taub-NUT and Taub-bolt based M-theory 26 4.3.1 Taub-NUT case 28 4.3.2 Taub-bolt case 29

5. Decoupling limits 29

6. Conclusions 31

A. Supersymmetries of the TN and EH solutions 32

1. Introduction

It is believed that fundamental M-theory in the low-energy limit can be described effectively by D = 11 supergravity [1]. Extending our understanding of the different classical brane solutions in string theory (or M-theory) is important, and so there is a lot of interest in finding D = 11 M-brane solutions such that after reduction to ten dimensions, they (or some combinations of them) reduce simply to the supersymmetric BPS saturated pbrane solutions. Some supersymmetric solutions of two or three orthogonally intersecting 2-branes and 5-branes in D = 11 supergravity were obtained some years ago [2], and more such solutions have since been found [3, 4].

– 1 –

Recently an interesting new supergravity solution for a localized D2/D6 intersecting brane system was found [5]. The solution was constructed by lifting a D6 brane to a fourdimensional Taub-NUT geometry embedded in M-theory and then placing M2-branes in the Taub-NUT background geometry.

A special feature of this construction is that the solution is not restricted to be in the near core region of the D6 brane. Moreover, in [6], partially localized D-brane systems involving D3, D4 and D5 branes were constructed. By assuming a simple ansatz for the eleven dimensional metric, the problem reduces to a partial differential equation that is separable and admits proper boundary conditions.

Motivated by this work, we consider extensions of these solutions to more general types of Taub-NUT and/or self-dual geometries lifted to M-theory. We have obtained several different solutions of interest. Specifically, since in the 11 dimensional metric for an M2 brane, the M2 brane itself only takes up two of the 10 spatial coordinates, we can embed a variety of different geometries. These include the Eguchi-Hanson metric, higherdimensional forms of the Taub-NUT metric, and products of these 4-dimensional metrics. After compactification on a circle, we find the different fields of type-IIA string theory.

In our procedure we begin with a general ansatz for the metric function of an M2 brane in 11-dimensional M-theory. After compactification on a circle (T^1), we find a solution to type IIA theory for which the highest degree of the field strengths is four. Hence the noncompact global symmetry for massless modes is given by the maximal symmetry group E_{1(1)} = R, without any need to dualize the field strengths [7]. For the full type-IIA theory, only the discrete subgroup E_{1(1)}(Z) = Z survives, in particular by its action on the BPS spectrum and as a discrete set of identifications on the supergravity moduli space. This subgroup is the U-duality group for all type-IIA theories we find in this paper.

In section 2, we discuss briefly the field equations of supergravity. Since a natural question to ask is how much supersymmetry is preserved by any brane solution, we divide our solutions into those that preserve some of the supersymmetry (section 3) and those that do not (section 4). We begin by considering some four-dimensional metrics with self-dual curvature. We review the embedding of the Taub-NUT solution in four dimensions (TN_4), including its supersymmetric properties. We obtain a solution dual to that obtained for the D2/D6 intersecting brane system found previously [5]. Another metric with similar self-dual properties is the Eguchi-Hanson (EH) metric, which we consider in section 3.2; we obtain two new D2/D6 intersecting brane solutions for this case. We then discuss embedding products of these metrics: TN_4⊗TN_4 (section 3.3), EH⊗EH (section 3.4) and TN_4⊗EH (section 3.5). All of these solutions preserve some of the supersymmetry, and for completeness we discuss this in an appendix.

We then consider embedding variants of the Taub-NUT spaces. Here we find a rich variety of solutions, though they do not preserve any supersymmetry. In section 4.1, we consider the embedding of four-dimensional Taub-bolt space in M-theory. In this case, we show that the partial differential equation can again be separated into two ordinary differential equations. The solution of one of these differs from the Taub-NUT case [5]; although an analytic solution is not possible, we find a numerical solution of the other equation. In section 4.2, we consider the embedding of six-dimensional Taub-NUT and

– 2 –

Taub-bolt spaces with one NUT charge. Again we find that the partial differential equations can be separated into two ordinary differential equations: one can be solved analytically, and the other one has a proper solution, which we find through numerical methods. In all the above mentioned cases, we find the different type-IIA supergravity NSNS and RR fields. The ten-dimensional metric obtained from reduction of the four-dimensional Taubbolt is a D2/D6 system. In the case of six-dimensional Taub-NUT(bolt), we find a D2 brane localized in the world-volume of a D4 brane. This solution is a new intersecting brane solution, different from the known intersecting brane obtained by T-dualizing the D-brane solutions [8, 9]. In section 4.3, we consider the embedding of the eight-dimensional Taub-NUT and Taub-bolt spaces with one NUT charge. In these cases, we consider an M-brane solution in a transverse background with one non-compact transverse direction and find exact analytic solutions.

2. General method

We begin with the general lagrangian from which the equations of 11-dimensional supergravity can be constructed [10], briefly reviewing the equations we need here (and employing the same notation). In order to construct a solution to these equations that can be successfully reduced to D = 10 dimensional type-IIA string theory, we assume a bosonic ground state, i.e. the VEV of any fermion field should be zero. This will allow us to focus on the equations for g_{MN} and A_{MNP} , which are now given by R_{MN} − 1 2 g_{MN} R = 1 3 [ F_{MP QR}F^{P QR}_N − 1 8 g_{MN} F_{P QRS} F^{P QRS} ] (2.1) ∇_M F^{MNP Q} = − 1 576 ε^{M1...M8NP Q}F_{M1...M4} F_{M5...M8} (2.2) where because ⟨Ψ_M ⟩ = 0, F_{MNP Q} is the unmodified four-form field strength F_{MNP Q} = 4∂_{[M} A_{NP Q]} = 1 2 [A_{MNP,Q} − A_{NP Q,M} + A_{P QM,N} − A_{QMN,P} ] . (2.3) Note that in (2.2) the ε tensor is an 11-component, 11-dimensional tensor, whose usage involves memory-intensive computer algebra calculations. In our case, equation (2.2) is easily shown to be satisfied by all our solutions: due to the non-zero components of the three-form A_{MNP} (or equivalently, non-zero components of the four-form F_{MNP Q}; see eq. (3.2) for more details), the right-hand side of (2.2) is zero, so we need only show that the left-hand side also vanishes.

The general ansatz for an M2 brane solution [11] takes the form

ds^2 = H^{1/3} [ H^{−1}(−dt^2 + dx^2_1 + dx^2) + ( ds^2_{mtrc1} + ds^2_{mtrc2} )] (2.4)

where in general H depends on the coordinates transverse to the brane H = H(x_3, . . . , x_{10}), and A_{tx1x2} = 1/H. We have labelled the eight-dimensional space that is not part of the brane world-volume in (2.4) by two metrics ds^2_{mtrc1} and ds^2_{mtrc2}. We shall take these to

– 3 – be any combination of the following forms: flat space, k-dimensional Taub-NUT/bolt, or Eguchi-Hanson. By embedding a k dimensional (euclideanized) self-dual metric (i.e. a Taub-NUT or Eguchi-Hanson metric) into this equation, we already achieve the form required for Kaluza-Klein reduction of one of the coordinates on a circle. We can then calculate the left-hand side of (2.1) for specific forms of this metric, and using (2.3), calculate the right-hand side and thereby compute H. As in ref. [5], we will only take H to depend on at most two of the transverse coordinates.

From (2.4), one can use

g_{AB} = [ e^{−2Φ/3} ( g_{αβ} + e^{2Φ}C_αC_β ) νe^{4Φ/3}C_α νe^{4Φ/3}C_β ν^2e^{4Φ/3} ] (2.5)

where ν is the winding number, giving the number of times the membrane wraps around the compactified dimension [12]. For simplicity we will take ν = 1 in what follows. From (2.5) and the reduction of A_{MNP} to its ten dimensional form, the Ramond-Ramond (RR) (C_α, A_{αβγ} ) and Neveu-Schwarz Neveu-Schwarz (NSNS) (Φ, B_{αβ} and g_{αβ} ) fields can be easily read off. Once the ten dimensional equations are found, their analysis and comparison to existing forms can be carried out. In obtaining the relation (2.5) with ν = 1, we use the well known Kaluza-Klein reduction of the 11D supergravity metric and field strength to 10D metric and field strength [4]

ds^2_{(1,10)} = e^{−2Φ/3}ds^2_{(1,9)} + e^{4Φ/3}(dx_{10} + C_αdx^α)^2 (2.6) F_{(4)} = F_{(4)} + H_{(3)} ∧ dx_{10} (2.7)

where F_{(4)} and H_{(3)} are the RR four-form and NSNS three-form field strengths corresponding to A_{αβγ} and B_{αβ} and x_{10} is the coordinate of compactified manifold. We take it to be a circle with radius R_∞, parameterized as x_{10} = R_∞ψ where ψ has period 2π. Although we have assumed ν = 1, the ν ≠ 1 case can be dealt with by compactifying ν times over this circle and replacing x_{10} by νx_{10} in the relations (2.6) and (2.7). This simply adds to the dilaton field a constant term of the form^3_2 ln ν, and multiplies the RR field C_α by a multiplicative constant of 1/ν when we reduce the theory to 10 dimensions.

Preservation of supersymmetry is checked by finding non-trivial solutions to the Killing spinor equation [11]

∂_M ϵ + 1 4 ω_{Mab}Γ^{ab}ϵ + 1 144 Γ^{NP QR} M F_{NP QR}ϵ − 1 18 Γ^{P QR}F_{MP QR}ϵ = 0 (2.8)

where ϵ is the anticommuting parameter of the supersymmetry transformation and the indices M, N, . . . are d = 11 world indices, while a, b, . . . are d = 11 tangent space indices. Our conventions are

de^a = g^a_{bc}e^b ∧ e^c (2.9) ω^a_{bc} = 1 2 ( g^a_{bc} + g^b_{ca} − g^c_{ab} ) (2.10) ω_{dbM} = ω^a_{bc}η_{ad}e^c_M (2.11)

– 4 – where the usual definitions and properties

e^a = e^a_M dx^M g_{MN} = η_{ab}e^ae^b (2.12)

(etc.) hold. The Γ’s in (2.8) are given by

Γ^{A1...Ap} = Γ^{[A1} . . . Γ^{Ap]} (2.13)

and in general we denote Γ^{ab} = Γ^{[a}Γ^{b]}. The gamma matrices must also satisfy the Clifford Algebra { Γ^a, Γ^b } = −2η^{ab} (2.14)

where we are using the lorentzian signature [−1, +1, . . . , +1]. A representation of the algebra (2.14) is given by Γ_{^i} = γ_{^i} ⊗ 1_8 (2.15) and Γ_{ξ+4} = γ_5 ⊗ ^Γ_ξ (2.16) where ^i = 0, 1, 2, 3 and ξ = 0, 1, . . . , 6 denotes the spacetime indices for the tangent space groups SO(1, 3) and SO(7). The Γ_{ξ+4} (and ^Γ_ξ) satisfy the anticommutation relations

{Γ_{ξ+4}, Γ_{ζ+4}} = {^Γ_ξ , ^Γ_ζ } = −2δ_{ξζ} (2.17)

where the ^Γ_ξ’s are given by ^Γ_0 = iγ_0 ⊗ 1_2 ^Γ_i = γ_i ⊗ 1_2 ^Γ_{i+3} = iγ_5 ⊗ σ_i (2.18)

in terms of the Pauli matrices σ_i (i = 1, 2, 3), γ_0 =

(_{0 116}

1_{16} 0 ) , and γ_5 = iγ_0γ_1γ_2γ_3.

3. Supersymmetric solutions

3.1 Four dimensional Taub-NUT solution revisited We review here the embedding of the four-dimensional Taub-NUT solution [5]. The eleven dimensional metric is given by

ds^2_{11} = H(y, r)^{−2/3} ( −dt^2 + dx^2_1 + dx^2 ) + (3.1) +H(y, r)^{1/3} ( dy^2 + y^2dα^2_1 + y^2 sin^2(α_1)dα^2 + y^2 sin^2(α_1) sin^2(α_2)dα^2_3 + ds^2_{T N4} ) F_{tx1 x2y} = − 1 2H^2 ∂H ∂y F_{tx1x2r} = − 1 2H^2 ∂H ∂r (3.2)

where ds^2_{T N4} can be written in either the form given by [5]

ds^2_{T N4} = f̃_4(r) ( dr^2 + r^2(dθ^2 + sin^2(θ)dϕ^2) ) + ( (4n)^2 f̃_4(r) ) ( dψ + 1 2 cos(θ)dϕ )_2

(3.3)

f̃_4(r) = ( 1 + 2n r ) (3.4)

– 5 – or equivalently as

ds^2_{T N4} = 1 f_4(r) [ dψ^′ + 2n cos(θ)dϕ ]_2

+ f_4(r)dr^2 + (r^2 − n^2) ( dθ^2 + sin^2(θ)dϕ^2 ) (3.5)

f_4(r) =

(r + n) (r − n) . (3.6)

One can go from (3.5) to (3.3) by letting r → r + n and ψ^′ = 4nψ.

Requiring that (3.1) and (3.2) satisfy the field equations entails calculating both sides of (2.1) and then solving the resulting differential equation

3(r + 2n) y ∂H(y, r) ∂y + (r + 2n) ∂^2H(y, r) ∂y^2 + 2 ∂H(y, r) ∂r + r ∂^2H(y, r) ∂r^2 = 0 (3.7)

for H(y, r). By substituting

H(y, r) = 1 + Q_{M2}Y (y)R(r) (3.8)

where Q_{M2} is the M2 brane charge, we obtain

∂^2Y ∂y^2 + 3 y ∂Y ∂y + p^2Y = 0 (3.9)

whose solution is J_1(py)/y. This yields

H_{T N4} (y, r) = 1 + Q_{M2} ∫_∞ 0 dp (py)^2J_1(py)

4π^2y^3

R_p(r) (3.10)

where

R_p(r) = π^2p 16 Γ(pn) W_W (−pn, 1/2, 2pr) r = π^2p^2 8 Γ(pn)e^{−pr}U(1 + pn, 2, 2pr) (3.11) is the solution to r d^2R_p(r) dr^2 + 2 dR_p(r) dr − p^2 (r + 2n) R_p(r) = 0 (3.12)

Here W_W (x, y, z) is the Whittaker-Watson function, related to U, the Kummer Ufunction or confluent hypergeometric function, as noted above. Reducing (3.1) down to ten dimensions gives rise to the type-IIA supergravity solution of a D2 brane localized along a D6 brane mentioned in the introduction [5].

In addition to the solution (3.10), we easily obtain another solution by changing the separation constant p → ic. In this case the radial equation becomes r d^2R_c(r) dr^2 + 2 dR_c(r) dr + c^2 (r + 2n) R_c(r) = 0 (3.13)

and its solution is given by

R_c(r) = C_c (−i)W_M (−icn, 1/2, 2icr) r = D_ce^{−icr} G(1 + icn, 2, 2icr) (3.14)

– 6 – where G is a hypergeometric function which is finite at r = 0, and undergoes damped oscillations until it vanishes at r = ∞. Here C_c or D_c are constants that depend only on n and the separation constant c. The solution of the modified differential eq. (3.9) for Y (y) is now Y_c(y) = E_c

K_1(cy) y (3.15)

where K_1 is the modified Bessel function, diverging at y = 0 and vanishing at infinity. Writing the general solution of the metric function as a superposition of the solutions with constant c, we have ~H_{T N4} (y, r) = 1+Q_{M2} ∫_∞ 0 dcR_c(r)Y_c(y) = 1+Q_{M2} ∫_∞ 0 dcf(c)e^{−icr}G(1+icn, 2, 2icr) K_1 (cy) y (3.16) where f(c) = D_cE_c and we choose c to belong to the interval [0, ∞). The function f(c) may be determined from a consideration of the near horizon limit. In this limit, where r ≪ n (or equivalently when n → ∞ and r → 0), the metric (3.5) reduces to R^4 , with the line element ds^2 = dz^2 + z^2dΩ^2_3 (3.17)

where z = 2 √ 2nr. The transverse geometry is then R^4 ⊗ R^4 with the metric

ds^2 = dy^2 + dz^2 + (y^2 + z^2)dΩ^2_3 (3.18)

and the metric function (3.16) should coincide with 1 + Q/R^6, where R = √ y^2 + z^2 (3.19)

Hence we get lim z^2≪8n^2 ∫_∞ 0 dcf(c)e^{−ic z28n} G ( 1 + icn, 2, ic z^2 4n ) K_1(cy) y = = ∫_∞ 0 dcf(c) I_1(2ic √ 2nr) ic √ 2nr K_1(cy) y = 1 (y^2 + 8nr)^3

(3.20)

which yields f(c) = c^4/16, or

~H_{T N4} (y, r) = 1 + Q^{M2} 16 ∫_∞ 0 dcc^4e^{−icr}G(1 + icn, 2, 2icr) K_1(cy) y (3.21)

This same approach can be used to determine the form of the integral in equation (3.10), though we note that a different method was employed in ref. [5]. In figure 1, the log-log plots of h(r) ≃ (H_{T N4} (y = 0, r)−1) versus r/n and ~h(y) ≃ ( ~H_{T N4} (y, r = 0)−1) versus y/n, are given where we choose the normalization coefficients such that two functions approach one as r and y go to zero. The two functions have the same behaviour qualitatively, though ~h(y) has a considerably steeper falloff.

By inserting either of the solutions (3.10) or (3.21) into the metric (3.1), it is straightforward to show that both solutions preserve 1/4 of the supersymmetry, as we demonstrate in appendix A.

– 7 –

Figure 1: Log-Log plots of the functions h(r) (solid) and ~h(y) (dotted) in terms of r/n and y/n, respectively.

Dimensional reduction of (3.1) with (3.10) or (3.21) along the coordinate ψ of the Taub-NUT_4 metric gives the type-IIA supergravity metric

ds^2_{10} = H^{−1/2} ~f^{−1/2}_4 ( −dt^2 + dx^2_1 + dx^2 ) + +H^{1/2} ~f^{−1/2}_4 ( dy^2 + y^2dΩ^2_3 ) + H^{1/2} ~f^{1/2}_4 (dr^2 + r^2dΩ^2) (3.22)

which describes a D2 brane localized along the world-volume of D6 brane. The other fields in ten dimensions are NSNS fields Φ = 3 4 ln { H^{1/3} ~f_4 } (3.23)

B_{μν} = 0 (3.24)

and Ramond-Ramond (RR) fields

C_ϕ = 2n cos(θ) (3.25) A_{tx1x2} = 1 H (3.26)

where in the above relations, H refers either to H_{T N4} (y, r) or ~H_{T N4} (y, r) given by (3.10) and (3.21).

3.2 4D Eguchi-Hanson The Eguchi-Hanson metric is another asymptotically flat metric with self-dual curvature that can also be embedded into eleven dimensions, furnishing a localized brane solution similar to the Taub-NUT metric above. The eleven dimensional metric will be the same as (3.1), but with ds^2_{T N4} replaced with [13]

ds^2_{EH} = r^2 4g(r) [dψ + cos(θ)dϕ]^2 + g(r)dr^2 + r^2 4 ( dθ^2 + sin^2(θ)dϕ^2 ) (3.27) g(r) = ( 1 − a^4 r^4 )_{−1} . (3.28)

– 8 –

Figure 2: Numerical solutions R_c/10^{48} of the radial equation (3.30) as a function of a/r (solid), and solution R_p/10^6 of the radial equation (3.12) for TN_4 as a function of n/r (dotted). For r ≈ a (or n), both R’s diverge and for r ≈ ∞, they vanish.

The four-form field strength is given again by (3.2). We find that this new eleven dimensional metric will satisfy the supergravity field equations, provided

(3r^4 + a^4) r^5 ∂H ∂r + (r − a)(r + a)(r^2 + a^2) r^4

∂^2H ∂r^2 + 3 y ∂H ∂y + ∂^2H ∂y^2 = 0 . (3.29)

This equation is separable, and becomes

(r^4 − a^4) r^4 d^2R_c(r) dr^2 + (3r^4 + a^4) r^5 dR_c(r) dr − c^2R_c(r) = 0 (3.30)

d^2Y (y) dy^2 + 3 y dY (y) dy + c^2Y (y) = 0 (3.31)

upon substituting in H(y, r) = 1 + Q_{M2}Y (y)R_c(r), where c^2 is a separation constant. Eq. (3.31) is identical to equation (3.9) and so we again obtain Y (y) ∼ J_1(cy) y . (3.32)

We can solve the equation for R_c(r) numerically. For large r, the solution of the equation (3.30) that vanishes at infinity is K_1(cr)/r, where K_1 is the modified Bessel function. A typical numerical solution to the radial differential equation (3.30) versus a/r is displayed in figure 2. Note that in the metric (3.27), the coordinate r must be greater than or equal to a. For comparison, a plot of the R_p(r) given by the relation (3.11) is also plotted in figure 2; qualitatively they are the same, though the EH function has a less rapid falloff. Roughly speaking, the Eguchi-Hanson parameter a plays the same role of the NUT charge n in the TN_4 case.

We obtain H(y, r) = 1 + Q_{M2} ∫_∞ 0 dcg(c) J_1(cy) y R_c(r) . (3.33)

– 9 –

To fix the measure function g(c), we compare the above relation to that of a metric function of a brane in an 8-dimensional flat metric R^4 ⊗ R^2 ⊗ S^2, obtained by looking at the near horizon limit. We note that for r = a(1 + ϵ^2), where ϵ ≪ 1, the metric reduces to

ds^2_{r=a(1+ϵ}2_) = a^2 { ϵ^2 [dψ + cos(θ)dϕ]^2 + dϵ^2 } + a^2 4 ( dθ^2 + sin^2(θ)dϕ^2 ) (3.34)

≈ z^2dψ^2 + dz^2 + a^2 4 ( dθ^2 + sin^2(θ)dϕ^2 ) (3.35)

which is R^2 ⊗ S^2 with the radial length equal to √ z^2 + a^2/4. If we assume that the parameter a is small, the differential equation (3.30) reduces to

R̈_c + 3 ^r Ṙ_c − c^2R_c = 0 (3.36)

where ^r = r − a = aϵ^2 ≈ 0 and the overdot denotes d/d^r. This equation has the solution R_c(^r) = A_c ^r K_1(c^r) + B_c ^r I_1(c^r) (3.37)

which will vanish at infinity provided B_c = 0, though it will diverge at ^r = 0.

Taking these limits into account in equation (3.33), we find ∫_∞ 0 dcg(c) K_1(c^r) ^r J_1(cy) = lim_{a→0} y (z^2 +^{a2}_4 + y^2)^3

= lim_{a→0} y (^ra + y^2)^3 = 1 y^5

(3.38)

where we can absorb the constant A_c into the definition of g(c). By comparing the above relation with the known integral ∫_∞ 0 dcc^3 K_1(c^r) ^r J_1(cy) = 8y (^r^2 + y^2)^3 ^r=aϵ^2→ 8 y^5

(3.39)

we find that g(c) = c^4/8, and so the metric function becomes

H_{EH} (y, r) = 1 + Q_{M2} ∫_∞ 0 dc ( c^4 8 ) R_c(r) J_1(cy) y . (3.40)

By changing c → ic in the differential equations (3.30) and (3.31), we get another solution in the form of ~H_{EH} (y, r) = 1 + Q_{M2} ∫_∞ 0 dc ( c^4 8 ) ~R_c(r)K^1(cy) y (3.41)

where ~R_c(r) is a damped oscillating function whose behaviour is plotted in figure 3 and ~g(c) = c^4/8.

Equations (3.40) and (3.41) are the respective analogues of the TN_4 solutions (3.10) and (3.21) for the EH case. They can be plotted numerically to yield results qualitatively similar to those obtained for H_{T N4} and ~H_{T N4} in the previous section; we will not present them here.

– 10 –

Figure 3: Numerical solution of radial equation (3.68) for R_2/10^5 (or ~R_c/10^5) as a function of 1/r_2 (or 1/r) for non-zero separation constant. The Eguchi-Hanson parameters a_2 (a) are set to one and so for r_2 ≈ a_2 (r ≈ a), the function R_2 ( ~R_c) diverges and for r_2 ≈ ∞ (r ≈ ∞), it vanishes.

Reduction of these solutions to a ten dimensional type-IIA string theory solution proceeds in a manner similar to the reduction of S^4 regarded as containing a NUT and anti- NUT charge [14]. The vector ∂/∂ψ generates a Hopf fibration of a 3-sphere in the metric (3.27). Using (2.5) we obtain the NSNS fields Φ = 3 4 ln { H^{1/3}w^2 4g }

B_{μν} = 0 (3.42)

where we define the dimensionless coordinate w by w = r/a. The Ramond-Ramond (RR) fields and the ten dimensional metric will be given by

C_ϕ = a cos(θ) A_{tx1x2} = 1 H (3.43)

ds^2_{10} = w 2 { H^{−1/2}g^{−1/2} ( −dt^2 + dx^2_1 + dx^2 ) + H^{1/2}g^{−1/2} ( dy^2 + y^2dΩ^2_3 ) + + H^{1/2}g^{1/2}a^2 ( dw^2 + w^2 4g dΩ^2 )} . (3.44)

The metric (3.44) describes a D2/D6 system where the D2-brane is localized along the world-volume of the D6-brane. We note H refers to either H_{EH} or ~H_{EH} and g = g(w) = ( 1 − w^{−4} )_{−1} in the above relations. We have explicitly checked that the above 10-dimensional metric, with the given dilaton and one form, is a solution to the 10-dimensional supergravity equations of motion.

The metric (3.44) is locally asymptotically flat (though the dilaton field diverges); for large w it reduces to

ds^2_{10} = w 2 { −dt^2 + dx^2_1 + dx^2 + dy^2 + y^2dΩ^2_3 + a^2 ( dw^2 + w^2 4 dΩ^2 )} (3.45)

– 11 – which is a 10D locally flat metric with solid deficit angles. The Kretchmann invariant of this spacetime vanishes at infinity and is given by R_{μνρσ}R^{μνρσ} = 224 a^4w^6

(3.46)

and all the components of the Riemann tensor in the orthonormal basis have similar 1/w^3 behaviour, vanishing at infinity.

To calculate how much supersymmetry is preserved by this solution in eleven dimensions, we again use the spinor equation (2.8). Half of the supersymmetry is again removed via the projection operator (1 + Γ^{t̂x̂1x̂2} )ϵ = 0, due to the presence of the brane, and another half is removed due to the self-dual nature of the EH metric, as shown in appendix A. Hence embedding the EH metric into an eleven dimensional M2 brane metric preserves 1/4 of the supersymmetry (see appendix A for details).

3.3 Taub-NUT_4 ⊗ Taub-NUT_4

We can also embed two four dimensional metrics into the eleven dimensional membrane metric. The first case we consider here is embedding two TN_4 metrics, giving the following metric:

ds^2_{11} = H(r_1, r_2)^{−2/3} ( −dt^2 + dx^2_1 + dx^2 ) + H(r_1, r_2)^{1/3} ( ds^2_{T N4(1)} + ds^2_{T N4(2)} ) (3.47)

ds^2_{T N4(i)} = ( (4n_i)^2 ~f_i(r_i) )( dψ_i + 1 2 cos(θ_i)dϕ_i

)_2 + ~f_i(r_i) ( dr^2_i + r^2_i ( dθ^2_i + sin^2(θ_i)dϕ^2_i )) (3.48) F_{tx1 x2ri} = − 1 2H^2 ∂H ∂r_i (3.49)

with ~f_i(r_i) = (1 + 2n_i/r_i). Note that we can also use the (3.5) form for the Taub-NUT metrics (which is easier for the supersymmetry check), but for reduction down to ten dimensions the form given in equation (3.3) is preferable, as ψ has a period of 2π.

We can choose to compactify down to ten dimensions by compactifying on either ψ_1 or ψ_2. Since either way produces the same results (with 1 ↔ 2), we will compactify on ψ_2. Thus, the radius R_∞ of the circle as r → ∞ with line element R_∞ ( dψ_2 +^1_2 cos θ_2dϕ_2 ) is the same as in the Taub-NUT case above,

R_∞ = 4n_2 . (3.50)

Note that the r_i range from [0, ∞), the ψ_i and the ϕ_i range over [0, 2π], and the θ_i range over [0, π].

The metric (3.47) and (3.49) satisfies the eleven dimensional equations of motion if the harmonic function satisfies the differential equation

2(r_2 + 2n_2)

∂H(r_1, r_2) ∂r_1 + r_1(r_2 + 2n_2)

∂^2H(r_1, r_2) ∂r^2_1 + + 2(r_1 + 2n_1)

∂H(r_1, r_2) ∂r_2 + r_2(r_1 + 2n_1)

∂^2H(r_1, r_2) ∂r^2

= 0 . (3.51)

– 12 –

This equation is separable, which can again be seen by substituting in H(r_1, r_2) = 1 + Q_{M2}R_1(r_1)R_2(r_2). This gives two equations of the same form r_i ∂^2R_i(r_i) ∂r^2_i + 2 ∂R_i(r_i) ∂r_i ± c^2(r_i + 2n_i)R_i(r_i) = 0 (3.52)

where the ±c^2 term is present because the separable equations must be set equal to a constant (c^2) of the opposite sign in order for (3.51) to equal zero. The most general solution is the product of the exponentially decayed and damped oscillating functions discussed in section 3.1, yielding

H = 1 + Q_{M2} ∫_∞ 0 dcR_{1c}(r_1)R_{2c}(r_2)

= 1 + Q_{M2} ∫_∞ 0 dc h(c)e^{−icr1} G(1 + icn_1, 2, 2icr_1)e^{−cr2} U(1 + cn_2, 2, 2cr_2) (3.53)

The metric of the transverse geometry in the near horizon limit reduces to R^4 ⊗ R^4, with the metric ds^2 = dz_1^2 + dz^2 + z^2_1 dΩ^2_3 + z^2 dΩ^{′2}_3 (3.54)

where z_1 = 2 √ 2n_1r_1, z_2 = 2 √ 2n_2r_2. So we should have lim r_1≪n_1 and r_2≪n_2 ∫_∞ 0 dch(c)e^{−icr1} G(1 + icn_1, 2, 2icr_1)e^{−cr2} U(1 + cn_2, 2, 2cr_2) = 1 (z^2_1 + z^2 )^3 . (3.55) Using the relations for the limiting values of the hypergeometric and confluent hypergeometric functions [15], the above relation becomes ∫_∞ 0 dch(c) I_1(2ic √ 2n_1r_1) c 2K_1(2c √ 2n_2r_2) cΓ(cn_2) = i √ 2n_1r_1 √ 2n_2r_2 512(n_1r_1 + n_2r_2)^3

(3.56)

which yields h(c) =^{c5}_{64} Γ(cn_2) so that

H = H_{(T N)}2 (r_1, r_2)

= 1 + Q_{M2} ∫_∞ 0 dc c^5 64 Γ(cn_2)e^{−icr1} G(1 + icn_1, 2, 2icr_1)e^{−cr2} U(1 + cn_2, 2, 2cr_2)(3.57)

Note that changing c → ic in (3.52) does not yield any other solution, but instead interchanges the functions R_1 ←→ R_2. The graph of the metric function H_{(T N)}2 (r_1 = 0, r_2)−1, is exactly the same as the graph of the function h(r) in the figure 1.

Next we wish to dimensionally reduce the solution to the type-IIA string theory in ten dimensions. Doing this will give the NSNS fields Φ = 3 4 ln ( H^{1/3} ~f_2 )

B_{μν} = 0 (3.58)

– 13 – and RR fields

C_{ϕ2} = 2n_2 cos(θ_2) A_{tx1x2} = H^{−1} . (3.59)

The metric in ten dimensions will be given by

ds^2_{10} = H(r_1, r_2)^{−1/2} ~f^{−1/2}_2 ( −dt^2 + dx^2_1 + dx^2 ) + H(r_1, r_2)^{1/2} ~f^{−1/2}_2 ( ds^2_{T N4(1)} ) + +H(r_1, r_2)^{1/2} ~f^{1/2}_2 ( dr^2 + r^2 ( dθ^2 + sin^2(θ_2)dϕ^2 )) (3.60)

This represents a D2/D6 brane system, where H = H_{(T N)}2 in the preceding equation (3.57).

We can further reduce the metric (3.60) along the ψ_1 direction of the T N_4(1). However the result of this compactification is not the same as the reduction of the M-theory solution (3.47) over a torus, which is compactified type-IIB theory. The reason is that to get the compactified type-IIB theory, we should compactify the T-dual of the IIA metric (3.60) over a circle, and not directly compactify the 10D IIA metric (3.60) along the ψ_1 direction.

We note also an interesting result in reducing the 11D metric (3.47) along the ψ_1 (or ψ_2) direction of the T N_4(1) (or T N_4(2)) in large radial coordinates. As r_1 (or r_2) → ∞ the transverse geometry in (3.47) locally approaches R^3 ⊗ S^1 ⊗ T N_4(2) (or T N_4(1) ⊗ R^3 ⊗ S^1) and so the reduced theory, obtained by compactification over the circle of the TN_4, is IIA. Then by T-dualization of this theory (on the remaining S^1 of the transverse geometry), we find a type-IIB theory which describes the D5 defects.

This solution also preserves 1/4 of the supersymmetry. The gauge terms and partial derivatives of H(r_1, r_2) will remove half the supersymmetry through the required use of (A.8). After this, we get two sets of equations of the form (A.12), (A.13) and (A.14) (with (ψ, θ, ϕ) → (ψ_i, θ_i, ϕ_i), i = 1, 2). These can be solved by use of the equivalent of (A.16);

Γ^{ψ̂1r̂1θ̂1ϕ̂1} ϵ = ϵ (3.61) Γ^{ψ̂2r̂2θ̂2ϕ̂2} ϵ = ϵ (3.62)

However, due to the fact that we’re in eleven dimensions, (A.8) and (3.61) imply (3.62), and so we actually only need two projection operators, not three, meaning 1/4 of the supersymmetry is preserved.

3.4 Eguchi-Hanson ⊗ Eguchi-Hanson

We can also embed two Eguchi-Hanson metrics into eleven dimensions;

ds^2_{11} = H(r_1, r_2)^{−2/3} ( −dt^2 + dx^2_1 + dx^2 ) + H(r_1, r_2)^{1/3} ( ds^2_{EH1} + ds^2_{EH2} ) (3.63)

ds^2_{EH(i)} = r^2_i 4g_i(r_i)

[dψ_i + cos(θ_i)dϕ_i]^2 + g_i(r_i)dr^2_i + r^2_i 4 ( dθ^2_i + sin^2(θ_i)dϕ^2_i ) (3.64)

g_i(r_i) = ( 1 − a^4_i r^4_i )_{−1} , F_{tx1x2ri} = − 1 2H^2 ∂H ∂r_i . (3.65)

– 14 –

This metric will satisfy the supergravity equations if the following differential equation holds;

(3r^4_1 + a^4_1) r^5_1

∂H(r_1, r_2) ∂r_1 + (r_1 − a_1)(r_1 + a_1)(r^2_1 + a^2_1) r^4_1

∂^2H(r_1, r_2) ∂r^2_1 + + (a^4_2 + 3r^4_2 ) r^5_2

∂H(r_1, r_2) ∂r_2 + (r_2 − a_2)(r_2 + a_2)(r^2 + a^2) r^4_2

∂^2H(r_1, r_2) ∂r^2

= 0 (3.66)

This is again separable, using H(r_1, r_2) = 1 + Q_{M2}R_1(r_1)R_2(r_2), and gives the following two differential equations,

r_1(r^4_1 − a^4_1) d^2R_1(r_1) dr^2_1

+ (3r^4_1 + a^4_1) dR_1(r_1) dr_1 − R_1(r_1)r^5_1 c^2 = 0 (3.67)

r_2(r^4_2 − a^4_2) d^2R_2(r_2) dr^2

+ (3r^4_2 + a^4_2) dR_2(r_2) dr_2 + R_2(r_2)r^5_2 c^2 = 0 . (3.68)

These equations are the same as the R_c(r) equation in (3.30). Like that equation, these are not solvable analytically (unless c = 0, which reduces generality), but are solvable numerically. Since equation (3.67) is the same as the radial differential equation (3.30), the numerical solution of this equation given in figure 2. It vanishes at large r_1 and increases monotonically with increasing 1/r_1, diverging logarithmically at r_1 ≈ a_1.

The solution of the other differential equation (3.68) has damped oscillating behaviour and diverges at r_2 ≈ a_2. A typical solution for R_2(r_2), is given in figure 3.

The most general solution is therefore given by

H = 1 + Q_{M2} ∫_∞ 0 dc j(c)R_{1c}(r_1)R_{2c}(r_2) . (3.69)

The transverse geometry in the limit of small a_1 and a_2 reduces to R^2 ⊗ S^2 ⊗ R^2 ⊗ S^2 with the radial length equal to √ z^2_1 + z^2 +^{a21}_4 +^{a2}_4 . In this limit, the differential equation (3.67) has the solution (3.37) and (3.68) has the solution

R_{2c}(^r_2) = A_{2c} ^r_2 J_1(c^r_2) + B_{2c} ^r_2 Y_1(c^r_2) (3.70)

which is finite at ^r_2 = 0 and vanishes at infinity provided B_{2c} = 0.

Taking these limits into account in equation (3.69), we must have ∫_∞ 0 dc j(c) ^r_1^r_2 K_1(c^r_1)J_1(c^r_2) = lim_{a1,a2→0} 1 (z^2_1 + z^2 +^{a21}_4 +^{a2}_4 )^3 = 1 (^r_1a_1 + ^r_2a_2)^3

(3.71)

where we absorb the constants A_{1c},A_{2c} into the definition of j(c). By comparing the above relation with the known integral ∫_∞ 0 dcc^3K_1(c^r_1)J_1(c^r_2) =

8^r_1^r_2 (^r^2_1 + ^r^2)^3

a_1,a_{2→0} ∼ 8^r_1^r_2 (^r_1a_1 + ^r_2a_2)^3

(3.72)

– 15 – we find that j(c) = c^5/8 and the metric function becomes

H = H_{(EH)}2 (r_1, r_2) = 1 + Q_{M2} ∫_∞ 0 dc { c^5 8 } R_{1c}(r_1)R_{2c}(r_2) . (3.73)

As before, changing c → ic in (3.67) and (3.68) merely interchanges the functions R_1 ←→ R_2 and yields no new solutions.

Next we reduce this metric down to ten dimensions. As with the TN_4 ⊗ TN_4 case above, we can chose to compactify on either ψ_1 or ψ_2, without loss of generality, so again we choose the ψ_2 coordinate. Upon compactification, we get the same NSNS and RR fields as in the relations (3.42) and (3.43) in section 3.2 (with (w, θ, ϕ, g, a) → (w_2, θ_2, ϕ_2, g_2, a_2)), and the metric becomes

ds^2_{10} = w_2 2 { H^{−1/2}g^{−1/2}_2 ( −dt^2 + dx^2_1 + dx^2 ) + (3.74)

+ H^{1/2}g^{−1/2}_2 ( ds^2_{EH(1)} ) + H^{1/2}g^{1/2}_2 a^2 ( dw^2 + w^2 4g_2 ( dθ^2 + sin^2(θ_2)dϕ^2 ) )}

which describes another D2/D6 system, where H = H_{(EH)}2 . In the large w_2 limit (w_2 = r_2/a_2), the metric (3.74), reduces to

ds^2_{10} = w_2 2 { −dt^2 + dx^2_1 + dx^2 + ds^2_{EH(1)} + dr^2 + a^2 w^2 4 ( dθ^2 + sin^2(θ_2)dϕ^2 )} (3.75)

which is a 10D locally asymptotically flat metric. The Kretchmann invariant of this spacetime is given by R_{μνρσ}R^{μνρσ} = 32(48a^8_1a^4_2w^4_2 + 7r^{12}_1 ) r^{12}_1 a^4_2w^6_2 = ( 1536 a^8_1 r^{12}_1 ) 1 w^2 + 224 a^4_2 1 w^6_2

(3.76)

which vanishes at large w_2, (though not as rapidly as the case with only one EH subspace) and all the components of the Riemann tensor in an orthonormal basis approach zero as w_2 → ∞.

This solution also preserves 1/4 of the supersymmetry (and not the 1/8 one might expect), for the same reason as in section 3.3. The projection operator (A.8) can be used to deal with the gauge terms, and we’re left with two sets of equations of the form (A.18), (A.19) and (A.20) (with ψ, r, θ, ϕ → ψ_i, r_i, θ_i, ϕ_i, i = 1, 2), which can be dealt with by two more projection operators;

Γ^{ψ̂1r̂1θ̂1ϕ̂1} ϵ = −ϵ (3.77) Γ^{ψ̂2r̂2θ̂2ϕ̂2} ϵ = −ϵ (3.78)

and as before, in eleven dimensions two of the projection operators, say (A.8) and (3.77), imply the third.

– 16 –

3.5 Taub-NUT_4 ⊗ Eguchi-Hanson

Finally, we can also have a Taub-NUT_4 and an Eguchi-Hanson metric together embedded into eleven dimensions, giving

ds^2_{11} = H(r_1, r_2)^{−2/3} ( −dt^2 + dx^2_1 + dx^2 ) + H(r_1, r_2)^{1/3} ( ds^2_{T N4(1)} + ds^2_{EH(2)} ) (3.79)

with ds^2_{T N4(1)} and ds^2_{EH(2)} given by (3.48) (i = 1) and (3.64) (i = 2). This is a solution to the supergravity equations provided the differential equation 2 (r_1 + 2n_1) ∂H ∂r_1 + r_1 (r_1 + 2n_1)

∂^2H ∂r^2_1 + + (a^4_2 + 3r^4_2 ) r^5_2 ∂H ∂r_2 + (r_2 − a_2)(r_2 + a_2)(r^2 + a^2) r^4_2

∂^2H ∂r^2

= 0 (3.80)

is satisfied. This is separable using H(r_1, r_2) = 1 + Q_{M2}R(r_1)R(r_2). The result is two differential equations, one being (3.52) with (i = 1) and the other being (3.68). The most general solution is given by

H_A(r_1, r_2) = 1 + Q_{M2} ∫_∞ 0 dck(c)e^{−cr1} U(1 + n_1c, 2, 2cr_1)R_2(r_2) (3.81)

where we have chosen the separation constant so that the TN solution exponentially decays. To determine the function k(c) we consider the special case n_1 → ∞ and a_2 → 0, where the radial length in the transverse space to M2 brane is equal to √ z^2_1 + z^2 + a^2/4, yielding ∫_∞ 0 dck(c) 2K_1(2c √ 2n_1r_1) cΓ(cn_1) A_{2c} ^r_2 J_1(c^r_2) = √ 2n_1r_1 (z^2_1 + z^2 +^{a2}_4 )^3

(3.82)

which gives k(c) =^{c5}_{16} Γ(cn_1), and so in turn

H_A(r_1, r_2) = 1 + Q_{M2} ∫_∞ 0 dc c^5 16 Γ(cn_1)e^{−cr1} U(1 + n_1c, 2, 2cr_1)R_2(r_2) . (3.83)

The alternate case is

H_B (r_1, r_2) = 1 + Q_{M2} ∫_∞ 0 dcl(c)e^{−icr1} G(1 + in_1c, 2, 2icr_1)R_1(r_2) (3.84)

where R_1(r_2) is the solution of EH radial differential equation (3.67), which decays at large r_2, (refer to figure 2). The function l(c) = c^5/8 by similar methods and so

H_B(r_1, r_2) = 1 + Q_{M2} ∫_∞ 0 dc c^5 8 e^{−icr1} G(1 + in_1c, 2, 2icr_1)R_1(r_2) . (3.85)

It can of course be shown that this solution preserves 1/4 of the supersymmetry, by following the same reasoning that shows the Taub-NUT ⊗ Taub-NUT or Eguchi-Hanson ⊗ Eguchi-Hanson solutions preserve 1/4 of the supersymmetry.

For this solution, we can reduce along either the ψ_1 or ψ_2 directions, giving two different ten dimensional metrics.

– 17 –

3.5.1 Case 1: reduction along ψ_1 Reducing along the ψ_1 direction from the Taub-NUT metric gives the following fields Φ = 3 4 ln ( H^{1/3} ~f_1 ) (3.86)

B_{μν} = 0 (3.87) C_{ϕ1} = 2n_1 cos(θ_1) (3.88) A_{tx1x2} = H^{−1} (3.89)

and gives the following metrics

ds^2_{10} = H^{−1/2} ~f^{−1/2}_1 ( −dt^2 + dx^2_1 + dx^2 ) + H^{1/2} ~f^{−1/2}_1 ds^2_{EH(2)} +

+H^{1/2} ~f^{1/2}_1 ( dr^2_1 + r^2_1 ( dθ^2_1 + sin^2(θ_1)dϕ^2_1 )) (3.90)

which describes two D2/D6 systems (respectively corresponding to H equalling H_A(r_1, r_2) or H_B(r_1, r_2)), where the D2-brane is localized along the world-volume of the other one.

3.5.2 Case 2: reduction along ψ_2 We can also reduce along the ψ_2 direction from the Eguchi-Hanson metric, giving fields Φ = 3 4 ln { H^{1/3}w^2

4g_2 } (3.91)

B_{μν} = 0 (3.92) C_{ϕ2} = a_2 cos(θ_2) (3.93) A_{tx1x2} = 1 H (3.94)

and metric

ds^2_{10} = w_2 2 { H^{−1/2}g^{−1/2}_2 ( −dt^2 + dx^2_1 + dx^2 ) + (3.95)

+ H^{1/2}g^{−1/2}_2 ds^2_{T N(1)} + H^{1/2}g^{1/2}_2 a^2 { dw^2 + w^2 4g_2 ( dθ^2 + sin^2 θ_2dϕ^2 )}} which describes another pair (for H equal to either H_A(r_1, r_2(w_2)) or H_B(r_1, r_2(w_2))) of D2/D6 systems. The world-volume of the D6 brane transverse to D2 is just a TN_4. In the large w_2 limit, the metric (3.95), reduces to the metric (3.75) with ds^2_{EH(1)} → ds^2_{T N4(1)}, which is again a 10D locally asymptotically flat metric with the Kretchmann invariant R_{μνρσ} R^{μνρσ} = A(r_1, n_1)

w^2 + B(r_1, n_1, a_2) w^6_2

(3.96)

which vanishes at large w_2 and A(r_1, n_1) =^{384n21}_{(r1+2n1)6} and

B(r_1, n_1, a_2) =

32(7r^6_1 + 84n_1r^5_1 + 420n^2_1r^4_1 + 1120n^3_1r^3_1 + 1680n^4_1r^2_1 + 1344n^5_1r_1 + 448n^6_1) (r_1 + 2n_1)^6a^4_2 . (3.97) All the components of the Riemann tensor in the orthonormal basis approach zero at w_2 → ∞.

– 18 –

4. Taub-NUT/bolt extended solutions

We consider here solutions that are obtained from generalizations of the Taub-NUT metric. These are higher-dimensional generalizations of TN_4 and its bolt-generalizations [16, 17]. We shall describe these metrics as we encounter them in turn.

These solutions do not preserve any supersymmetry, but nevertheless exhibit interesting properties that are qualitatively similar to the previous cases. Specifically the metric function H behaves the same way near the brane core and at infinity. For each solution we again find that it is an integrated product of a decaying function and a damped oscillating function far from the brane. Near the brane core, the convolution of the two functions diverges, as for the supersymmetric cases.

We note that a complete list of possible D-brane combinations that give rise to supersymmetric solutions has been compiled [9]. These solutions are obtained by applying the T-duality method to the known supersymmetric solutions. Although some of the solutions in the following subsections would seem to be supersymmetric when comparing to this map of solutions, each metric must be checked explicitly to see if it preserves any supersymmetry. For example, in subsection 4.1, although we find that we get a 2 ⊥ 6(2) solution that is on the list, it is not supersymmetric, as is the situation for all of our solutions in this section. The other system we get is a 2 ⊥ 4(2) solution which is not on the list and of course, we also find that this solution is not supersymmetric.

4.1 Embedding of four dimensional Taub-bolt space

We consider first an M2 brane in the background of Taub-bolt space given by the following metric

ds^2_{11} = H^{−2/3}(y, r) ( − dt^2 + dx^2_1 + dx^2 ) + +H^{1/3}(y, r) ( dy^2 + y^2[dα^2 + sin^2 α(dβ^2 + sin^2 βdγ^2)] + ds^2_{T B4} ) . (4.1)

The four-form F has the following non-vanishing components, F_{tx1x2y} = − 1 2H ∂H ∂y (4.2) F_{tx1x2r} = − 1 2H ∂H ∂r (4.3)

and the four-dimensional Taub-bolt space is given by the metric

ds^2_{T B4} = f_{4,bolt}(r)dr^2 + f^{−1}_{4,bolt}(r) (dψ + 2n cos θdϕ)^2 + (r^2 − n^2) ( dθ^2 + sin^2 θdϕ^2 ) (4.4)

where the function f_4(r) is given by

f_{4,bolt}(r) =

2(r^2 − n^2) (r − 2n)(2r − n) . (4.5)

Note that we have already applied the conditions on f_4(r) such that (4.4) is a bolt solution. Briefly, the difference between the NUT and bolt solutions are as follows. The

– 19 – metric (4.4) is obtained by fixing the mass parameter in the general metric function of the Taub-NUT space f_4(r) = r^2 − n^2 r^2 + n^2 − 2mr

(4.6)

so that f^{−1}_4 vanishes for r = r_b = 2n > n. This occurs if m =^5_4 n, and the fixed point set of the Killing vector ∂/∂ψ is a two-dimensional sphere with radius √ 3n. On the other hand, if we fix the mass parameter to be m = n, then we have a NUT solution at r = r_n = n, where the fixed point set of the Killing vector ∂/∂ψ is zero-dimensional. In this case, the function f_4(r) reduces to f_{4,NUT}(r) =^{r+n}_{r−n} (which is the case we discussed in section 3). We note that in both cases,^1_{f4,bolt(r)} | |_{r=rb} =^1_{f4,NUT(r)} | |_{r=rn} = 0 and^d_{dr} (^1_{f4,bolt(r)} ) | |_{r=rb} = d dr (^1_{f4,NUT(r)} ) | | r=r_n =^1_{2n} .

An equivalent form of the metric (4.4) can be written by shifting r by a constant and scaling ψ = 4nΨ, yielding

ds^2_{T B4} = ~f_{4,bolt}(r)dr^2 + 16n^2 ~f^{−1}_{4,bolt}(r) ( dΨ + 1 2 cos θdϕ )_2 + r(r + 2n) ( dθ^2 + sin^2 θdϕ^2 ) (4.7) where ~f_{4,bolt}(r) = 2r(r + 2n) (r − n)(2r + n) (4.8)

and the radius R_∞ of the circle at r → ∞, with line element R^2_∞ ( dΨ +^1_2 cos θdϕ

)_2 , fibered over base space S^2 of the Taub-bolt space, is given by

R_∞ = 4n . (4.9)

We note that the coordinate r in (4.7) ranges over [n, ∞), the coordinates ϕ and Ψ take values on the interval [0, 2π], and θ on the interval [0, π].

The metric (4.1) and four-form (4.2), (4.3) satisfy the field equations of d = 11 supergravity if H(y, r) satisfies the following equation

(2r^2 − rn − n^2)

∂^2H ∂r^2 + (4r − n) ∂H ∂r + 2r(r + 2n)

∂^2H ∂y^2 + 6r y (r + 2n) ∂H ∂y = 0 . (4.10)

By separating the coordinates using the relation

H(y, r) = 1 + Q_{M2}Y (y)R(r) (4.11)

we find that the function Y (y) obeys equation (3.9), and so Y (y) ∼ J_1 (cy) y . (4.12)

The radial equation is given by

(2r^2 − n^2 − rn)R^{′′} + (4r − n)R^′ − 2rc^2(r + 2n)R = 0 (4.13)

and a typical numerical solution of (4.13) versus n/2r is given in the figure 4. The solution R_c(r) logarithmically diverges at r = n.

– 20 –

Figure 4: Numerical solution of radial equation (4.13) for R/10^7 in Taub-bolt_4 case, as a function of n/2r. So for r ≈ n, R diverges and for r ≈ ∞, it vanishes.

We note that the most general solution for the metric function is a superposition of the different functions in the solution (4.11), corresponding to different values of the separation constant c. By knowing the particular numerical solution for R_c(r), the most general solution is

H_{T B4} (y, r) = 1 + Q_{M2} ∫_∞ 0 dcp(c)R_c(r) J_1(cy) y . (4.14)

By dimensional analysis, p(c) = p_0c^4, where p_0 is a constant that can be absorbed into the definition of Q_{M2}. Since the graph of R_c(r) given in (4) is qualitatively the same as the corresponding graph for TN_4 (both diverge at the brane location, and vanish at infinity), the behaviour of the metric function (4.14), is similar to the NUT case (3.10).

The other solution is obtained by changing c → ic:

~H_{T B4} (y, r) = 1 + Q_{M2} ∫_∞ 0 dc~p(c)~R_c(r) K_1(cy) y (4.15)

where ~R_c(r) is a damped oscillating function. A plot of this function is given in figure 5. Again by dimensional analysis, ~p(c) = ~p_0c^4. The qualitative form of ~H_{T B4} is similar to that of ~H_{T N} in (3.21), and a plot of ( ~H_{T B4} (y, r = 0) − 1 ) is the same as the dotted line in figure 1.

Dimensional reduction of our bolt based solution (4.1) in the Ψ direction of (4.7) gives the type-IIA supergravity NSNS fields: Φ = 3 4 ln (_3√ H ~f_{4,bolt}(r) )

B_{μυ} = 0 (4.16)

and RR fields C_μ and A_{μνρ} have the non-vanishing components:

C_ϕ = 2n cos θ A_{tx1x2} = H^{−1} . (4.17)

– 21 –

Figure 5: Numerical solution of damped oscillating radial equation for ~R/10 in Taub-bolt_4 case, as a function of n/2r. So for r ≈ n, ~R diverges and for r ≈ ∞, it vanishes.

The string-frame 10-dim metric is given by

ds^2_{10} = H^{−1/2} √ ~f_{4,bolt} ( − dt^2 + dx^2_1 + dx^2 ) +

+ H^{1/2} √ ~f_{4,bolt} ( dy^2 + y^2dΩ^2_3 + ~f_{4,bolt}dr^2 + r(r + 2n)dΩ^2 )

= H^{−1/2} √ ~f_{4,bolt} ( − dt^2 + dx^2_1 + dx^2 ) + H^{1/2} √ ~f_{4,bolt} ( dy^2 + y^2dΩ^2_3 ) +

+H^{1/2} √ ~f_{4,bolt} ( dr^{′2} + r^′(r^′ + 3 2 n)dΩ^2 ) (4.18)

where H is equal to either of H_{T B4} or ~H_{T B4} , respectively describing distinct D2/D6 brane systems that overlap in two directions. The function ~f_{4,bolt} is given by relation (4.8) and we have shifted the coordinate r to r^′ = r − n. If we compare our 10-dim metric with the result obtained in [5], in which the Taub-NUT based M-theory was considered, we note that the normal space to the D2/D6 system is distorted from a perfect sphere (up to the

conformal factor H^{1/2} √ ~f_{4,bolt}) by the NUT charge. We have explicitly checked that the

above 10-dimensional metric, with the given dilaton and one form, is a solution to the 10-dimensional supergravity equations of motion.

4.2 Six dimensional Taub-NUT and Taub-bolt based M-theory

We now demonstrate that M2 branes can be described using higher-dimensional Taub- NUT/bolt spaces as backgrounds. Accordingly, we begin by embedding a six-dimensional Taub-NUT/bolt space into the eleven-dimensional metric, given by

ds^2_{11} = H^{−2/3}(y, r)(−dt^2 + dx^2_1 + dx^2) + H^{1/3}(y, r)(dy^2 + y^2dα^2 + ds^2_{T N6} ) (4.19)

– 22 – and four-form F with non-vanishing components F_{tx1 x2y} = − 1 2H^2 ∂H ∂y (4.20) F_{tx1x2r} = − 1 2H^2 ∂H ∂r (4.21)

where

ds^2_{T N6} = f_6(r)dr^2 + f^{−1}_6 (r) (dψ + 2n cos θ_1dϕ_1 + 2n cos θ_2dϕ_2)^2 + +(r^2 − n^2) ( dθ^2_1 + sin^2(θ_1)dϕ^2_1 + dθ^2 + sin^2(θ_2)dϕ^2 ) (4.22)

is the metric of a six dimensional space with NUT charge. The function f(r) is given by

f_6(r) =

3(r^2 − n^2)^2 r^4 − 6r^2n^2 − 6mr − 3n^4

. (4.23)

If we fix the mass parameter to be m = −4n^3/3, then we have a NUT solution at r = r_n = n and the function f_6(r) reduces to

f_{6,NUT}(r) =

3(r + n)^2 (r − n)(r + 3n) . (4.24)

On the other hand, to have a bolt solution at r = r_b > n, we must fix the mass parameter to be m =^1_6 (r^3_b − 6n^2r_b −^{3n4}_{rb} ). The bolt is located at r_b = 3n and the function f_6(r) reduces to f_{6,bolt}(r) =

3(r − n)^2 (r + n)(r − 3n) . (4.25)

In this case, the mass parameter is simply m = 4n^3/3. We note that the function f_{6,bolt}(r) can be obtained from f_{6,NUT}(r) by changing n → −n. The locations of the NUT and the bolt are determined by the relation^d_{dr} (^1_{f6,NUT(r)} ) | |_{r=rn} =^d_{dr} (^1_{f6,bolt(r)} ) | |_{r=rb} =^1_{3n} , which is a necessary condition for regularity of the metric, yielding a consistent period for the coordinate ψ.

The radius R_∞ of circle at r=∞, with line element R^2_∞{dΨ+^1_3 cos θ_1dϕ_1+^1_3 cos θ_2dϕ_2}^2, fibered over base space S^2 ⊗ S^2 of the Taub-NUT (and Taub-bolt) space is given by

R_∞ = 6 √ 3 n = ∓ 6 6√ 48 m^{1/3} . (4.26)

In the above equation and in the following, the upper (lower) sign refers to Taub-NUT (bolt) space. The coordinates ϕ_1, ϕ_2 and Ψ take values on the interval [0, 2π], while θ_1 and θ_2 change over [0, π]. For later convenience, we can use the following form for the Taub-NUT (bolt) space

ds^2_{T N6±} = g_{6±}(r)dr^2 + 36n^2g^{−1}_{6±} (r) ( dΨ + 1 3 cos θ_1dϕ_1 + 1 3 cos θ_2dϕ_2

)_2 + +r(r ± 2n) ( dθ^2_1 + sin^2 θ_1dϕ^2_1 + dθ^2 + sin^2 θ_2dϕ^2 ) (4.27)

– 23 – where g_{6±}(r) =

3(r ± 2n)^2 r(r ± 4n) (4.28)

and the coordinate r belongs to [0, ∞) for Taub-NUT space and [4n, ∞) for Taub-bolt space (in contrast to (4.22), where the respective minimum values of the coordinate r are n and 3n for the NUT/bolt solutions). The metric (4.19) and four-form (4.20), (4.21) satisfy the field equations of d = 11 supergravity, provided H(y, r) satisfies the following Laplace equation (r ± 4n)ry ∂^2H_± ∂r^2 + 4y(r ± 3n) ∂H_± ∂r + 3y(r ± 2n)^2

∂^2H_± ∂y^2 + 3(r ± 2n)^2 ∂H_± ∂y = 0 . (4.29)

If we separate the coordinates by

H_±(y, r) = 1 + Q_{M2}Y (y)R_±(r) (4.30)

then the function Y (y), which must remain finite at y = 0, is given by

Y (y) ≈ J_0(qy) (4.31)

and after a change of coordinate to t = r ± 2n, the function R_±(t) should satisfy

(t^2 − 4n^2)R^{′′}_±(t) + 4(t ± n)R^′_±(t) − 3q^2t^2R_±(t) = 0 . (4.32)

At large distance r ∼ t → ∞, the solution of (4.32) decays according to: R_±(t) ≈ (3tq^2 + √ 3 |q|) t^3 e^− √ 3|q|t . (4.33) The metric (4.27) for the NUT solution, at small radius (r ≪ n) behaves like:

ds^2_{T ≪1} = 12n^2 { dT^2 + T^2 ( dΩ^2_1 + dΩ^2 + dΩ^{′2}_2 6 )}

≡ dT^2 + T^2dΩ^2_5 (4.34)

where T = √ (t − 2n)/n and T =2 √ 3nT . At small distances r ≪ n (or T → 0), equation (4.32) has the solution R_+(T ) ≈ 1 T^2

N_2(iqT ) (4.35)

for the NUT case, where N_2(x) is the second order Bessel function of the second kind. The solution (4.35) diverges as 1/T^4, and decreases with increasing T . The other solution of the equation (4.32) is finite at small distances.

The divergence of the radial function at small distances is expected (similar to the TN_4 case, which from equation (3.11) diverges for small r, as 1/r). As in the TN_4 cases, by a suitable choice of normalization factor we can find well-defined functions (like those in figure 1), in terms of the metric functions (4.37) and (4.38), that are finite for small values of the radial coordinate r.

– 24 –

Figure 6: Numerical solutions of radial equations (4.32) for R_+/10^5 and R_−/10^3 in the Taub- NUT_6 (solid) and Taub-bolt_6 (dotted) cases, as functions of 1/t. So for r ≈ n (4n) (or 1/t ≈ 1/2n ), R_± diverge and for r ≈ ∞ (or 1/t ≈ 0), they vanish.

In the case of the bolt solution, near the brane core r ∼ 4n (or t → 2n), the equation (4.32), has the solution:

R_−(T ) ≈ N_0(iqT ) (4.36)

where N_0(x) is the zeroth order Bessel function of the second kind. The solution (4.36) diverges on the brane as ln T , more softly than the NUT case, and decreases for increasing small T . A typical numerical solution of (4.32) for NUT and bolt cases versus 1/t for n = 1 is given in the figure 6.

As before, the most general solution is of the form

H_{T N6±}(y, r) = 1 + Q_{M2} ∫_∞ 0 dcs_±(c)R_{c±}(r)J_0(cy) (4.37)

where by dimensional analysis, the measure function must have the form s_±(c) = s_{0±}c^5. The exact value of s_{0±} must be obtained by looking at near horizon geometry. Two other solutions are obtained by analytic continuation of c → ic, yielding ~H_{T N6±}(y, r) = 1 + Q_{M2} ∫_∞ 0 dc~s_±(c) ~R_{c±}(r)K_0(cy) (4.38)

where the typical behaviors of the functions ~R_{c±}(r) are plotted in the figure 7 where we set n = 1.

Dimensional reduction of our solution in the Ψ direction of (4.27) gives the type-IIA supergravity NSNS fields:

Φ = 3 4 ln (_3√ H g_6(r) )

B_{μυ} = 0 (4.39)

– 25 –

Figure 7: Numerical solutions of damped oscillating radial equations for ~R_+ and 10^5 ~R_− in the Taub-NUT_6 (solid) and Taub-bolt_6 (dotted) cases, as functions of 1/t. So for r ≈ n (4n) (or 1/t ≈ 1/2n), ~R_± diverge and for r ≈ ∞ (or 1/t ≈ 0), they vanish.

and RR fields C_μ and A_{μνρ} have the non-vanishing components:

C_{ϕ1} = 2n cos θ_1 C_{ϕ2} = 2n cos θ_2 A_{tx1x2} = H^{−1} . (4.40)

The string-frame 10-dim metric is given by

ds^2_{10±} = H^{−1/2}g^{−1/2}_6 (−dt^2 + dx^2_1 + dx^2) + H^{1/2}g^{−1/2}_6 ( dy^2 + y^2dα^2 ) + +H^{1/2}g^{1/2}_6 ( dr^2 + r^2(r ± 4n) 3(r ± 2n) ( dΩ^2 + dΩ^{′2}_2 ) ) . (4.41)

The function H is either H_{T N6±} or ~H_{T N6±} and the function g_6 = g_{6±}(r) given by relation (4.28). The 10-dim metric describes in each case a D2/D4 brane system, overlapping in two directions x_1 and x_2.

We have explicitly checked that the above 10-dimensional metric, with the given dilaton and one form, is a solution to the 10-dimensional supergravity equations of motion. However this solution, in the notation of [9], is 2 ⊥ 4(2) and does not preserve any supersymmetry. This latter fact could be obtained by the observation that it cannot be obtained by a T-dualization of the known supersymmetric D-brane solutions. Note that T-dualization is a powerful mathematical method for finding new supersymmetric brane solutions from known supersymmetric solutions. There is no guarantee that it gives all the supersymmetric brane solutions from a given theory.

4.3 Eight dimensional Taub-NUT and Taub-bolt based M-theory

Another case of interest is that of an M2 brane in the background of an eight-dimensional Taub-NUT/bolt space. Here we have the following metric

ds^2_{11} = H^{−2/3}(r)(−dt^2 + dx^2_1 + dx^2) + H^{1/3}(r)ds^2_8 (4.42)

– 26 – with the 4-form F given by the same non-vanishing components (4.20), (4.21). The eightdimensional space with NUT charge is given by the metric

ds^2_8 = f_8(r)dr^2 + f^{−1}_8 (r) (dψ + 2n cos θ_1dϕ_1 + 2n cos θ_2dϕ_2 + 2n cos θ_3dϕ_3)^2 + +(r^2 − n^2) ( dθ^2_1 + sin^2 θ_1dϕ^2_1 + dθ^2 + sin^2 θ_2dϕ^2 + dθ^2_3 + sin^2 θ_3dϕ^2_3 ) (4.43)

where the function f_8(r) is given by

f_8(r) =

5(r^2 − n^2)^3 r^6 − 5r^4n^2 + 15r^2n^4 − 10mr + 5n^6

. (4.44)

If we fix the mass parameter to be m = 8n^5/5, then we have a NUT solution at r = r_n = n [17] and the function f_8(r) reduces to

f_{8N} (r) =

5(r + n)^3 r^3 + 3nr^2 + n^2r − 5n^3

. (4.45)

On the other hand, to have a bolt solution at r = r_b > n, we must fix the mass parameter to be m =^1_{10} (r^5_b − 5n^2r^3_b + 15n^4r_b +^{5n6}_{rb} ). The bolt is located at r_b = 4n and the function f_8(r) reduces to

f_{8B}(r) =

20(r^2 − n^2)^3 4r^6 − 20n^2r^4 + 60n^4r^2 − 3061n^5r + 20n^6

(4.46)

where the mass parameter simplifies to m = 3061n^5/40.

The radius R_∞ of circle at r = ∞, with line element R^2_∞{dΨ+^1_4 cos θ_1dϕ_1+^1_4 cos θ_2dϕ_2+ 1 4 cos θ_3dϕ_3}^2, fibered over base space S^2 ⊗ S^2 ⊗ S^2 of the space (4.43) is given by

R_∞ = 8 √ 5 n (4.47)

which for Taub-NUT space is equal to^5 √ 4096 10√ 125 m^{1/5} and for Taub-bolt space is equal to

8^5 √ 40 √ 5^5 √ 3061 m

1/5. The coordinates ϕ_i and Ψ take values on the interval [0, 2π], while the θ_i range over [0, π]. For later convenience, we can use the following form for the Taub-NUT (bolt) space

ds^2_8 = g_8(r)dr^2 + 64n^2g^{−1}_8 (r) { dΨ + 1 4 cos θ_1dϕ_1 + 1 4 cos θ_2dϕ_2 + 1 4 cos θ_3dϕ_3

}_2 + +r(r + 2n) { dθ^2_1 + sin^2 θ_1dϕ^2_1 + dθ^2 + sin^2 θ_2dϕ^2 + dθ^2_3 + sin^2 θ_3dϕ^2_3 } (4.48)

where the function g_8(r) for Taub-NUT space is

g_{8N} (r) =

5(r + 2n)^3 r(r^2 + 6nr + 10n^2)

(4.49)

and for Taub-bolt space is given by

g_{8B} (r) =

5r^3(r + 2n)^3 r^6 + 6nr^5 + 10n^2r^4 −^{2997}_4 n^5(r + n)

(4.50)

and the coordinate r belongs to [0, ∞) for the NUT solution and to [3n, ∞) for the bolt solution. Note that in (4.43), the minimum value of the coordinate r is n for the NUT solution and 4n for the bolt solution.

– 27 –

4.3.1 Taub-NUT case

In this subsection, we consider the NUT solution. The metric (4.42) with the NUT solution metric function (4.49) and four-form (4.20), (4.21) satisfy the field equations of d = 11 supergravity, if H(r) satisfies to the following Laplace equation

r(r^2 + 6rn + 10n^2)

∂^2H ∂r^2 + 2(3r^2 + 15rn + 20n^2) ∂H ∂r = 0 (4.51)

which has an exact solution H(r) = 1 30n^2r^3 − 3 100n^3r^2 + 13 500n^4r + 12 ln^{r2}

r^2+6rn+10n^2 − 7{tan

−1(^r_n + 3) −^π_2 } 2500n^5

(4.52)

that behaves appropriately at small and large distances. For large values of r, it vanishes as H(r) ∼ 1 r^5

(4.53)

and for small values of r, it diverges as H(r) ∼ 1 r^3

. (4.54)

In this case, the dimensional reduction of our solution in the Ψ direction of (4.48) gives the type-IIA supergravity NSNS fields:

Φ = 3 4 ln (_3√ H g_8(r) )

B_{μυ} = 0 (4.55)

and the RR fields C_μ and A_{μνρ} have the non-vanishing components:

C_{ϕ1} = 2n cos θ_1 C_{ϕ2} = 2n cos θ_2 C_{ϕ3} = 2n cos θ_3 A_{tx1x2} = H^{−1} (4.56)

The string-frame 10-dim metric

ds^2_{10} = H^{−1/2} √ g_8(r)

(−dt^2 + dx^2_1 + dx^2) + H^{1/2} √ g_8(r) { g_8(r)dr^2 + r(r + 2n)(dΩ^2 + dΩ^{′2}_2 + dΩ^{′′2}_2 ) } (4.57) describes a D2 brane localized at a point of the 7-dimensional background space where the function g_8(r) is given by relation (4.49). We have explicitly checked that the above 10- dimensional metric, with the given dilaton and one form, is a solution to the 10-dimensional supergravity equations of motion.

– 28 –

Figure 8: Numerical solution of Laplace equation (4.58) for H/10^{25} in Taub-bolt_8, as a function of 2n/r. So for r ≈ 3n, H diverges and for r ≈ ∞, vanishes.

4.3.2 Taub-bolt case Now, we consider the Taub-bolt case. The metric (4.42) with the bolt solution metric function (4.50) and four-form (4.20), (4.21) satisfy the field equations of d = 11 supergravity, if H(r) satisfies to the following Laplace equation

{4r^6+24nr^5+40n^2r^4−2997n^5(r+n)}H^{′′}+(24r^5+120nr^4+160n^2r^3−2997n^5)H^′ = 0 (4.58)

which has the solution H = ∫ d~r (16875n^5 + 13500~rn^4 + 4800~r^2n^3 + 940~r^3n^2 + 96~r^4n + 4~r^5)~r

(4.59)

where we have set r → ~r = r − 3n so that ~r = 0 is the location of the bolt. The function H diverges logarithmically near the bolt and vanishes at infinity as 1/~r^5. A numerical solution of the equation (4.58) is shown in the figure 8. The type-IIA supergravity NSNS, RR fields and 10-dimensional string metric have the same form as (4.55), (4.56) and (4.57) where the function g_8(r) is given by relation (4.50).

5. Decoupling limits

In this section we wish to discuss the decoupling limits for the various solutions we have presented above. The specifics of calculating the decoupling limit are shown in detail elsewhere (see for example [18]), so we will only provide a brief outline here. The process is the same for all cases, so we will also only provide specific examples of a few of the solutions above.

At low energies, the dynamics of the D2 brane decouple from the bulk, with the region close to the D6 brane corresponding to a range of energy scales governed by the IR fixed point [18]. For D2 branes localized on D6 branes, this corresponds in the field theory to a vanishing mass for the fundamental hyper-multiplets. Near the D2 brane horizon (H ≫ 1), the field theory limit is given by

g^2_{YM2} = g_sℓ^{−1}_s = fixed . (5.1)

– 29 –

In this limit the gauge couplings in the bulk go to zero, so the dynamics there decouple. In each of our cases above, the radial coordinates are also scaled such that Y = y ℓ^2_s

, U_i = r_i ℓ^2_s

(5.2)

are fixed (where Y and U_i, i = 1, 2 are used where appropriate). As an example we note that this will change the harmonic function of the D6 brane in the TN_4 ⊗ TN_4 case to the following (recall that the asymptotic radius of the 11th dimension is R_∞ = 4n_2 = g_sℓ_s)

f_2(r_2) = ( 1 + 2n_2 r_2 ) = ( 1 + g_sℓ_s 2r_2 ) = ( 1 + g_s 2ℓ_sU_2 ) = ( 1 + g^2_{YM2}N_6 2U_2 ) = f(U_2) (5.3)

(generalizing to the case of N_6 D6 branes as was done in [5], giving the factor of N_6 in the final line above — this function is of course the same as the harmonic function of the D6 brane for the TN_4 case from [5], as is to be expected). For the Taub-NUT case, f(U) is given by equation (5.3), whereas for the EH metric it is g(r) → ( 1 − A^4 U^4 ) = g(U) (5.4)

where a has been rescaled to a = Aℓ^{−2}_s .

All of the D2 harmonic functions from the above solutions (both supersymmetric and non-supersymmetric) can be shown to scale as H(Y, U) = ℓ^{−4}_s h(Y, U). This form causes the D2-brane to warp the ALE region and the asymptotically flat region of the D6-brane geometry. The h(Y, U)’s are easily calculated; as an example, the TN_4 ⊗ TN_4 function is given by

h_{(T N)}2 (U_1, U_2) = 1 2 π^2N_2g^2_{YM2} ∫_∞ 0 dP P^5Γ ( P g^2_{YM2} 4 ) e^{−iP U1} × × G_1 (1 + iP m_1, 2, 2iP U_1) e^{−P U2} U ( 1 + P g^2_{YM2} 4 , 2, 2P U_2 ) (5.5)

where the U_i in (5.2) with i = 1 and 2 have been used, as well as rescaling the n_1 = m_1ℓ^2_s, c = P/ℓ^2_s. Even when full analytic forms of H(y, r) are not available, we can show that H(Y, U) = ℓ^{−4}_s h(Y, U) in the decoupling limit, due to the general forms of H(y, r) we obtained above.

For the H(Y, U) functions, we use ℓ_p = g^{1/3}_s ℓ_s to rewrite

Q_{M2} = 32π^2N_2ℓ^6_p = 32π^2N_2g^2_{YM2}ℓ^8_s . (5.6)

The respective supersymmetric metrics are then given by appropriate insertion of either (5.3) or (5.4) along with the relevant h(Y, U) into the metrics (3.22), (3.44), (3.60), (3.74). For example, for TN_4, the metric (3.22) scales as [5]:

ds^2_{10} ℓ^2_s = h(Y, U)^{−1/2}f(U)^{−1/2} ( −dt^2 + dx^2_1 + dx^2 ) + +h(Y, U)^{1/2}f(U)^{−1/2} ( dY^2 + Y^2dΩ^2_3 ) + +h(Y, U)^{1/2}f(U)^{1/2} ( dU^2 + U^2dΩ^2 ) (5.7)

– 30 – and there is only an overall normalization factor of ℓ^2_s in the above metric. This is the expected result for a solution that is a supergravity dual of a QFT. As all of the other supersymmetric cases are qualitatively the same, we won’t write them out here.

For the non-supersymmetric cases, we take the same limits (5.1), (5.2), but of course the metric functions will differ. As an example, for the 4-dimensional Taub-bolt case, this will change the harmonic function of the D6 brane to the following

~f_4(U) = 2r(r + 2n) (r − n)(2r + n) = 16U(g^2_{YM2} + 2U) (8U + g^2_{YM2})(4U − g^2_{YM2})

(5.8)

where R_∞ = 4n = g_sℓ_s has been used. The metric functions of the non-D2 branes in the TN_6,TB_6 and TN_8,TB_8 cases will be altered by the same steps. Since an analytic function for R(r) cannot be found in any of the non-susy cases, the transformations of the D2 functions H(y, r) cannot be found explicitly. However, using the general forms (4.14), (4.37) we can still show, for example, that H_{T B4}(y, r) → Q_{M2} ∫ dP ℓ^2_s p_0

P^4 ℓ^8_s

R_c(U)J_1(P Y ) Y ℓ^2_s = 1 ℓ^4_s h_{T B4} (Y, U) (5.9)

where (5.6), (5.2) and the rescaling c = P ℓ^{−2}_s have been used. The TB_4 metric will then become ds^2 ℓ^2_s = 1 √ ~f_4(U)h_{T B4} (Y, U) (−dt^2 + dx^2_1 + dx^2) + √ h_{T B4} (Y, U) √ ~f_4(U)

(dY^2 + Y^2dΩ^2_3) +

+ √ ~f_4(U)h_{T B4} (Y, U) ( dU^2 + U ( U + 3g^2_{YM} 8 ) dΩ^2 ) (5.10)

and the TN_6/TB_6 metric in the decoupling limit will be given by

ds^2_{10} ℓ^2_s = 1 √ h_{T N6} (Y, U)g_6(U) ( −dt^2 + dx^2_1 + dx^2 ) + √ h_{T N6} (Y, U) g_6(U) ( dY^2 + Y^2dα^2 ) +

+ √ h_{T N6} (Y, U)g_6(U) ( dU^2 +

U^2( √ 3U ± 2g^2_{YM}) 3( √ 3U ± g^2_{YM}) ( dΩ^2 + dΩ^{′2} ) ) (5.11)

where again we note that the only dependence on the string scale ℓ_s is in an overall normalization factor. There is of course no decoupling occurring in the eight dimensional Taub-NUT/bolt cases.

6. Conclusions

By embedding different possible spaces with NUT charge and/or self-dual curvature, we have found a rich and interesting new class of brane solutions to D = 11 supergravity. These exact solutions are new M2 brane metrics, and are presented in equations (3.16), (3.40), (3.41), (3.53), (3.73), (3.83), (3.85), (4.14), (4.15), (4.37), (4.38), (4.52) and (4.59) which are the main results of this paper. The common feature of all of these solutions is

– 31 – that the brane function is a convolution of an exponentially decaying ‘radial’ function with a damped oscillating one. The ‘radial’ functions vanish far from the M2 brane and diverge near the brane core.

Dimensional reduction to 10 dimensions gives us different D2/D6 systems (with metric functions) which in all the cases with a combination of 4 dimensional Taub-NUT and Eguchi-Hanson spaces (which have self-dual Riemann curvature), the configurations preserve 1/4 of the supersymmetry and yield metrics with acceptable asymptotic behaviour. In all other cases — involving 4 dimensional Taub-bolt and higher dimensional Taub- NUT/bolt — the D-brane system is not supersymmetric. However the general functional structure of the branes is qualitatively the same as for the supersymmetric cases: the rdependent parts of the metric functions diverge for small r and fall off rapidly for large r, whereas the y-dependent parts of the metric functions approach a finite value for small y and vanish at large y.

Finally we considered the decoupling limit of our solutions. In the case of embedded TN_4, when the D2 brane decouples from the bulk, the theory on the brane is 3 dimensional N = 4 SU(N_2) super Yang-Mills (with eight supersymmetries) coupled to N_6 massless hypermultiplets [19]. This point is obtained from dual field theory and since some of our solutions preserve the same amount of supersymmetry, a similar dual field description should be attainable.

Acknowledgments

We would like to thank J. Gauntlett for helpful discussions. This work was supported by the Natural Sciences and Engineering Research Council of Canada.

A. Supersymmetries of the TN and EH solutions

We demonstrate in this appendix the supersymmetry of our solutions that embed one (or both) of TN_4 and EH.

We begin by noting another useful representation of the algebra (2.14), given by the following 32 dimensional representation [20]

Γ_i = [ 0 −~Γ_i ~Γ_i 0 ] (i = 1, . . . , 8)

Γ_9 = [ 1_{16} 0 0 −1_{16} ]

Γ_# = [ 0 1_{16} 1_{16} 0 ]

Γ_0 = −Γ_{123456789#} (A.1)

– 32 – where ~Γ_i, the 16 dimensional representation of the Clifford algebra in eight dimension, are given by

~Γ_i = [ 0 L_i L_i 0 ] (i = 1, . . . , 7) (A.2)

~Γ_8 = [ 0 −1_8 1_8 0 ] (A.3)

in terms of L_i, the left multiplication by the imaginary octonions on the octonions. The imaginary unit octonions satisfy the following relationship e_i · e_j = −δ_{ij} + c_{ijk}e_k (A.4) where c_{ijk} is totally skew symmetric and its non-vanishing components are given by c_{124} = c_{137} = c_{156} = c_{235} = c_{267} = c_{346} = c_{457} = 1 (A.5) We take the L_i to be the matrices such that the relation (A.4) holds. In other words, given a vector v = (v_0, v_i) in R^8 , we write v̂ = v_0 + v_je_j , where the effect of left multiplication is e_i (v̂) = v_0e_i − v_i + c_{ijk}v_j e_k , we then construct the 8 × 8 matrix (L_i)_{AB} by requiring e_i (v̂) = (L_i)_{AB} e_Av_B , where A, B = 0, 1, . . . , 7. With this in mind, we obtain considerable simplification of the Killing spinor equation (2.8).

Two relations that are useful in solving for the Killing spinors are e^ABe^{−A} = B + [A, B] + 1 2! [A, [A, B]] + · · · (A.6) [ Γ^{ab}, Γ^{cd} ] = 2η^{ad}Γ^{bc} + 2η^{bc}Γ^{ad} − 2η^{ac}Γ^{bd} − 2η^{bd}Γ^{ac} . (A.7)

Eq. (A.6) is of course the Baker-Campbell-Hausdorff identity, and (A.7) is derivable from (2.14) and (2.13), for p = 2.

Consider first all of our supersymmetry preserving solutions. Using (2.8), one finds ( 1 + Γ^{t̂x̂1x̂2} ) ϵ = 0 (A.8)

(where hats over coordinates denote tangent space indices), and so at most half the supersymmetry is preserved due to the presence of the brane.

Now, consider an embedding of TN_4. The remaining equations from (2.8), arising from the left-over terms from ∂_M ϵ +^1_4 ω_{Mab}Γ^{ab}ϵ portion, are ∂_{α1} ϵ − 1 2 Γ^{ŷα̂1} ϵ = 0 (A.9) ∂_{α2} ϵ − sin(α_1) 2 Γ^{ŷα̂2} ϵ − cos(α_1) 2 Γ^{α̂1α̂2} ϵ = 0 (A.10) ∂_{α3} ϵ − sin(α_1) sin(α_2) 2 Γ^{ŷα̂3} ϵ − sin(α_2) cos(α_1) 2 Γ^{α̂1α̂3} ϵ − cos(α_2) 2 Γ^{α̂2α̂3} ϵ = 0 (A.11) ∂_ψϵ + n 2(r + n)^2 [ Γ^{ψ̂r̂} + Γ^{θ̂ϕ̂} ] ϵ = 0 (A.12) ∂_θϵ + n 2(r + n) Γ^{ψ̂ϕ̂}ϵ − r 2(r + n)

Γ^{r̂θ̂}ϵ = 0 (A.13) ∂_ϕϵ + n^2 cos(θ) (r + n)^2 [ Γ^{ψ̂r̂} + Γ^{θ̂ϕ̂} ] ϵ − n sin(θ) 2(r + n) Γ^{ψ̂θ̂}ϵ − r sin(θ) 2(r + n) Γ^{r̂ϕ̂}ϵ − cos(θ) 2 Γ^{θ̂ϕ̂}ϵ = 0 . (A.14)

– 33 –

Eqs. (A.9), (A.10) and (A.11) are solvable by use of (A.7) and (A.6) to give the following Lorentz rotation

ϵ = exp {α_1 2 Γ^{ŷα̂1} } exp {α_2 2 Γ^{α̂1α̂2} } exp {α_3 2 Γ^{α̂2α̂3} } ϵ̃ . (A.15)

Now note that (A.12) can be solved for by using the projection operator

Γ^{ψ̂r̂θ̂ϕ̂}ϵ = ϵ (A.16)

eliminating another half of the supersymmetry provided ϵ is independent of ψ. With this projection operator, (A.13) and (A.14) can be solved, giving

ϵ = exp { − θ 2 Γ^{ψ̂ϕ̂} } exp { ϕ 2 Γ^{θ̂ϕ̂} } ϵ̃ . (A.17)

Turning next to the EH metric, the remaining terms from the Killing spinor equation (2.8) give (A.9), (A.10) and (A.11), which have the same solution as above, and three more equations ∂_ψϵ + (r^4 + a^4)

4r^4

Γ^{ψ̂r̂}ϵ +

(r^4 − a^4) 4r^4

Γ^{θ̂ϕ̂}ϵ = 0 (A.18) ∂_θϵ − 1 4g^{1/2}

Γ^{r̂θ̂}ϵ + 1 4g^{1/2}

Γ^{ψ̂ϕ̂}ϵ = 0 (A.19) ∂_ϕϵ − sin(θ) 4g^{1/2} Γ^{ψ̂θ̂}ϵ − sin(θ) 4g^{1/2}

Γ^{r̂ϕ̂}ϵ + a^4 cos(θ) 2r^4

Γ^{ψ̂r̂}ϵ + cos(θ) 4g Γ^{ψ̂r̂}ϵ− − cos(θ) 2 Γ^{θ̂ϕ̂}ϵ + cos(θ) 4g Γ^{θ̂ϕ̂}ϵ = 0 . (A.20)

Through the use of the projection operator (eliminating a further half of the supersymmetry) Γ^{ψ̂r̂θ̂ϕ̂}ϵ = −ϵ (A.21)

it can be shown that all of the terms in equations (A.19) and (A.20) are satisfied, and so ϵ ≠ ϵ(θ, ϕ), and no Lorentz rotation is necessary for these. Equation (A.18) can be solved with this projection operator giving the Lorentz rotated ϵ

ϵ = exp { − ψ 2 Γ^{ψ̂r̂} } ϵ̃ . (A.22)

References

[1] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85 [hep-th/9503124];

M.J. Duff, J.T. Liu and R. Minasian, Eleven-dimensional origin of string/string duality: a one-loop test, Nucl. Phys. B 452 (1995) 261 [hep-th/9506126];

J.H. Schwarz, The power of M-theory, Phys. Lett. B 367 (1996) 97 [hep-th/9510086].

[2] A.A. Tseytlin, Harmonic superpositions of M-branes, Nucl. Phys. B 475 (1996) 149 [hep-th/9604035].

– 34 –

[3] H.-S. Yang, Localized intersecting brane solutions of D = 11 supergravity, hep-th/9902128;

A. Loewy, Semi localized brane intersections in SUGRA, Phys. Lett. B 463 (1999) 41 [hep-th/9903038];

S.A. Cherkis, Supergravity solution for M5-brane intersection, hep-th/9906203; J.F.G. Cascales and A.M. Uranga, M5-brane geometries, T-duality and fluxes, J. High Energy Phys. 01 (2004) 021 [hep-th/0307156].

[4] D.J. Smith, Intersecting brane solutions in string and M-theory, Class. and Quant. Grav. 20 (2003) R233 [hep-th/0210157].

[5] S.A. Cherkis and A. Hashimoto, Supergravity solution of intersecting branes and AdS/CFT with flavor, J. High Energy Phys. 11 (2002) 036 [hep-th/0210105].

[6] S. Arapoglu, N.S. Deger and A. Kaya, A note on supergravity solutions for partially localized intersecting branes, Phys. Lett. B 578 (2004) 203 [hep-th/0306040].

[7] E. Cremmer, B. Julia, H. Lu and C.N. Pope, Dualisation of dualities, I, Nucl. Phys. B 523 (1998) 73 [hep-th/9710119].

[8] K. Behrndt, E. Bergshoeff and B. Janssen, Intersecting D-branes in ten and six dimensions, Phys. Rev. D 55 (1997) 3785 [hep-th/9604168].

[9] J.P. Gauntlett, D.A. Kastor and J.H. Traschen, Overlapping branes in M-theory, Nucl. Phys.

B 478 (1996) 544 [hep-th/9604179].

[10] M.J. Duff, B.E.W. Nilsson and C.N. Pope, Kaluza-Klein supergravity, Phys. Rept. 130 (1986) 1. [11] J.P. Gauntlett, Intersecting branes, hep-th/9705011.

[12] P.K. Townsend, Four lectures on M-theory, hep-th/9612121.

[13] S. Mahapatra, Eguchi-Hanson metric from various limits, hep-th/9908048.

[14] R.R. Caldwell, A. Chamblin and G.W. Gibbons, Pair creation of black holes by domain walls, Phys. Rev. D 53 (1996) 7103 [hep-th/9602126].

[15] Handbook of mathematical functions, M. Abramowitz and I.A. Stegun eds., US Government Printing Office, Washington, 1964.

[16] D. Kramer, E. Herlt, M. MacCallum and H. Stephani, Exact solutions of Einstein’s field equations, E. Schmutzer ed., Cambridge University Press, cambridge 1979; R.B. Mann, Misner string entropy, Phys. Rev. D 60 (1999) 104047 [hep-th/9903229]; A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Large-N phases, gravitational instantons and the nuts and bolts of AdS holography, Phys. Rev. D 59 (1999) 064010 [hep-th/9808177].

[17] A. Awad and A. Chamblin, A bestiary of higher dimensional Taub-NUT-AdS spacetimes, Class. and Quant. Grav. 19 (2002) 2051 [hep-th/0012240].

[18] N. Itzhaki, A.A. Tseytlin and S. Yankielowicz, Supergravity solutions for branes localized within branes, Phys. Lett. B 432 (1998) 298 [hep-th/9803103];

J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

N. Itzhaki, J.M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the large-N limit of theories with sixteen supercharges, Phys. Rev. D 58 (1998) 046004 [hep-th/9802042].

– 35 –

[19] O. Pelc and R. Siebelink, The d2-d6 system and a fibered AdS geometry, Nucl. Phys. B 558 (1999) 127 [hep-th/9902045].

[20] J.P. Gauntlett, J.B. Gutowski and S. Pakis, The geometry of D = 11 null Killing spinors, J.

High Energy Phys. 12 (2003) 049 [hep-th/0311112].

– 36 –